The axial segregation of granular and particulate media is a well-known but little-understood phenomenon with direct relevance to various natural and industrial processes. Over the past decades, many attempts have been made to understand this phenomenon, resulting in a significant number of proposed mechanisms, none of which can provide a full and universally applicable explanation. In this paper, we show that several mechanisms can be simultaneously active within a single system, and that by considering all relevant mechanisms, it is possible to understand and explain a system's segregative behaviours over a wider range of parameter space than is possible by considering any one, single process. We explore the interrelation and competition between the individual mechanisms present within a given system and demonstrate that by understanding these interactions, we can predict and even, through carefully designed systems, control their behaviour. In particular, we demonstrate that it is possible to deliberately direct segregation, allowing an arbitrary number of pre-determined segregation patterns to be induced in a system. We also illustrate a manner in which the competition between two opposing segregation mechanisms may be exploited in order to enhance the mixing of two dissimilar species of particle-a much sought after ability.
Introduction
Granular media are, after water, the second most manipulated substances on Earth [1] , playing essential rôles in multitudinous industrial and natural processes [2] [3] [4] . As such, an understanding of these materials and their flow behaviours is imperative. One of the most frequently used apparatus with which to study granular materials is the horizontally rotating drum [5] [6] [7] [8] . The popularity of the rotating drum geometry stems largely from two factors: firstly, due to its relative simplicity, it provides an easily-studied canonical system in which the fundamental behaviours of particulate flows may be investigated [9] [10] [11] . Secondly, this geometry is of direct relevance to a large number of important industrial processes [12] [13] [14] [15] [16] [17] .
One phenomenon which attracts considerable attention from both a scientific and industrial [18] [19] [20] [21] standpoint is that of segregation [22] , whereby a mixture of particles whose constituents differ in their geometry (e.g. size or shape) [23, 24] or material properties (e.g. density, elastic or frictional properties) [25, 26] may spontaneously separate into its individual components. An understanding of the manner in which materials segregate or mix is vital in a variety of processes. For instance, in the pharmaceutical industry [27] [28] [29] , the unwanted separation of excipient and active ingredient may render certain batches of medicine entirely ineffective, and others highly dangerous. Conversely, in other situations the separation of individual components from a mixture is highly desirable; consider for example the extraction of valuable materials from electronic waste [30, 31] -a matter of significant financial [32] and environmental [33] importance on a global scale.
In a rotating drum, a particulate system may experience both radial segregation and axial segregation. In the former process, smaller [34, 35] , and/or more dense [25, 36, 37] particles form a central core surrounded by a region of predominantly larger particles. More specifically, in the relatively loosely-packed flowing layer of a rotary system, smaller particles are more likely to be 'sieved' downwards [9] (see figure 1) . Thus, these particles occupy the inner streamlines of the flow, resulting in the formation of a small particle core [34] . This process, illustrated schematically in figure 1, is relatively well known and widely accepted, and hence will not be discussed at length in this paper. The latter process of axial segregation or 'banding', meanwhile, remains poorly understood, with numerous different-and often incompatible-mechanisms proposed to explain its origins [38] [39] [40] . The lack of a general consensus as to the origins of axial segregation is, clearly, a hindrance to the development of a fuller understanding of this important phenomenon.
In this paper, we study the influence of system geometry on the axial segregation exhibited by a granular bed housed within a rotating drum. In doing so, we are able to test several contemporary theories regarding the axial segregation of such systems, with the following aims:
(i) To assess the general validity of three distinct mechanisms proposed in previous works.
(ii) To assess the range of validity of each mechanism with respect to several geometric properties.
(iii) To explore the interactions between differing mechanisms under various conditions and the circumstances under which each may become dominant or negligible.
(iv) To demonstrate methods through which the competition and cooperation between segregative mechanisms may be exploited in order to enhance and direct segregation or, conversely, to induce or improve mixing.
Previously proposed mechanisms for axial segregation
There exists a wealth of literature pertaining to the segregation of rotated particulate systems [41] and indeed the effects of system geometry on this segregation [38, [42] [43] [44] [45] [46] [47] [48] [49] . Since a full discussion of these previous works would, in and of itself, result in a sizeable article, we focus here on those whose influence we see significant evidence of in our own data. In their 1994 paper, Zik et al [50] suggested that axial segregation may occur due to the presence of spontaneous localised fluctuations in the angle of repose (see figure 1 ) of a granular assembly along the axial length of the rotating system in which it is housed. Specifically, it was proposed that more mobile particles would preferentially move down the axial gradients produced by these differences, thus exacerbating the effect, as the resultant excess of more mobile particles would further decrease the angle of repose. Thus, in a process analogous to spinodal decomposition [51] , the system eventually achieves an axially segregated state. Moreover, Figure 1 . Simple schematic demonstrating the major features and and terminology associated with the rotating drum geometry. In the diagram, we see that the bed is divided broadly into a dense, solid-like 'bulk' wherein particles simply follow the trajectory of the rotating system in rigid body motion, and a more dilute, active upper layer. The majority of relative motion between particles occurs in this flowing layer, making it by definition the region in which segregative processes predominantly occur. Shown also in the diagram are illustrative examples representing typical paths followed by a single small and large particle. A large particle will typically follow the cascading layer from its start to its terminus, thus simply repeating the same-or a similar-path upon each drum rotation. For a small particle, meanwhile, there exists an increased probability that it will instead be 'sieved' downward through the free-flowing layer, thus accessing instead an inner streamline for the next rotation. As this process repeats, small particles on average will move toward more central regions, thus explaining the formation of a central core in rotating systems.
Zik et al also demonstrated that the requisite differences in angle of repose could be deliberately induced by modulating the tube diameter, producing a clearly defined axial banding even in previously non-segregative systems.
In 2011, Fan and Hill [52, 53] proposed a mechanism to describe axial segregation in chute flows. Their theory can perhaps be most easily understood as a kinetic-stress-driven analogue to the Gray-Thornton model of segregation [23, 54] . The model of Gray and Thornton states that segregation in the direction parallel to gravity can be explained by the fact that larger particles feel a greater lithostatic pressure per unit volume as compared to smaller particles, which are more likely at any point in time to be 'falling through' voids within the system [55] and hence experiencing no force from the bed below. This imbalance in the upward pressure provided to the differing particle species will naturally lead to a tendency for large particles to rise upwards through a system and smaller particles to sink downwards, as is indeed routinely observed in various granular flows [56] [57] [58] [59] [60] .
Fan and Hill [52, 53] suggest that a similar process may explain segregation in the direction perpendicular to gravity-i.e. the axial direction. Specifically, they note that larger particles bear a greater proportion of the contact stress than they do the kinetic stress, with the inverse being true for smaller particles. Thus, while all particles are in essence pushed away from regions of higher fluctuation energy,Ẽ, the process is more efficient for smaller particles, which may more easily filter through small pores in the system through the process of 'squeeze expulsion' [55, 56] . This results in a net migration of small particles towards low-Ẽ regions of the system, and hence a net flux of larger particles towards higher-Ẽ regions. Note that this process occurs only for relatively dense systems, with sparser beds known to exhibit the exact inverse behaviour [61] [62] [63] [64] .
The kinetic stress model was later applied to the rotating drum geometry [65] where it was compared against results acquired from numerical simulations. However, in this paper, the theory was only applied to segregation in the radial-as opposed to axial-direction. Thus, one of the primary outcomes of this paper is the provision of evidence supporting the validity of the model of [52] in this geometry. Our work also represents the first time that the theory of Fan and Hill [52, 53] has been investigated in an experimental rotating system-an important test of its real-world applicability. Further discussion of the model of Fan and Hill and its presence in our systems may be found in section 3.3.
The 2015 paper of Gonzalez et al [66] demonstrated an additional manner in which system geometry may be utilised to induce and direct axial segregation in rotated systems. In this work, it was demonstrated that a system divided axially into a convex and a concave region would produce a rapid axial segregation, with large particles predominantly occupying convex regions and smaller particles preferentially inhabiting concave regions. However, two dissimilar regular polygons inscribed on a circle of the same diameter will, by definition, possess differing cross-sectional areas. As such, one must raise the question as to whether the results of [66] simply arise from the mechanism described by Zik et al [50] due to differences in the effective cylinder diameter. Later in this paper (section 3.4), we will demonstrate that the segregative processes proposed by Zik et al [50] and Gonzalez et al [66] are indeed distinct, and also establish the relative strength of the two mechanisms. It is additionally worth noting that there remains a second open question as to whether the observations of Gonzalez et al are generalisable to all convex-concave pairings, or only the single pairing used in the previous study. This issue will also be resolved in the current work (see section 3.1).
As mentioned above, there exists strong evidence of all three of the above-described mechanisms in our experimental system. In the following pages, we will assess the influence of various aspects of system geometry on each of these mechanisms, and the complex interrelations between them.
Outline and aims
Due to the broad scope of the subject matter discussed this paper is, for clarity, divided into a number of sections. We begin in section 2.1 by describing our experimental set-up and detailing the various manners in which the geometry of our system may be varied in order to alter the dynamics of the particulate system housed within. We then explain, in section 2.2, the manner in which data is acquired from our system using Positron Emission Particle Tracking (PEPT).
Our results and analysis section (section 3) is partitioned into several subsections. In section 3.1 we demonstrate that the segregation mechanism of Gonzalez et al [66] , which for brevity we shall simply refer to throughout this paper as the 'CC' ('convex-concave') mechanism, can seemingly be generalised to any convexconcave pairing of shapes. In the following subsection (section 3.2) we show that the CC mechanism can be exploited in order to deliberately induce and control axial banding through the use of drums comprising multiple alternating convex and concave axial segments; we demonstrate that this ability may be used to produce an arbitrary number of complex segregation patterns. In section 3.3, we provide first experimental evidence of the kinetic-stress-induced segregation mechanism of Hill and Fan. We then conclude our results section with an exploration of the interactions between the segregation mechanisms of Zik et al, Fan and Hill and Gonzalez et al (section 3.4). We show that all three mechanisms are seemingly present in our system, with the relative strength of each varying considerably as the geometry of the system is altered. It is also demonstrated that the mixing of a multi-component granular assembly may be improved by constructing the containing system's geometry so as to balance opposing segregation mechanisms-an observation of potential significance in various practical applications.
Finally, in section 4, we summarise our results and present our major conclusions.
Experimental details

Experimental set-up
Our basic experimental set-up consists of a binary bed of 3 and 4 mm chrome steel particles housed within a drum which is rotated about its horizontal axis at a fixed rate of 25 rpm, producing a continuously avalanching layer of particles along the free surface of the bed [67, 68] . The drum is constructed from a series of individual, laser-cut sections (see figure 2) , allowing systems of various length,   L 18 126 mm, and internal geometry to be created and studied. With the exception of the smaller circular geometry, whose inclusion allows us to directly isolate and test the effects of differing segment area, all polygons explored are inscribed on the same 250 mm diameter circle. As the length and/or internal geometry of the system are varied, the number of particles within the system is adjusted such that a constant filling fraction, F=0.4, and a constant 1:1 volume ratio of small to large particles are maintained. The filling fraction, F, refers to the volume of the granular bed as a whole, including both grain volume, V g , and void space, divided by the total volume of the container, V c . The constant filling fraction of F=0.4 used in our experiments corresponds to an 'absolute' filling fraction = = F 0.24
. Throughout this manuscript, the larger and smaller species of particle may be referred to as species 'l' and species 's', respectively. This nomenclature not only aids brevity, but also allows the indices l, s to denote physical quantities pertaining only to a specific species.
The experimental system is placed between the detector heads of an ADAC Forté dual-headed gamma camera, allowing the internal dynamics of the system to be analysed using positron emission particle tracking (see section 2.2, below). Data are acquired from the system over a period   t 7200 14400
exp.
s, corresponding to between 3000 and 6000 drum revolutions. Experiments using longer drums are conducted over greater durations to allow the tracer particle to fully explore the system, thus ensuring good statistics [69, 70] for PEPT measurements.
Data acquisition-positron emission particle tracking
Our system is analysed using positron emission particle tracking (PEPT) [71] . In order to perform PEPT, a single particle from the system is exposed to a high-energy proton beam from the Birmingham cyclotron. This acts to induce β + radioactivity within the particle material through the conversion of iron ( Fe (p, 2n) 55 Co. This process leaves the particle physically identical to all others of its species, making PEPT an entirely non-invasive technique.
The positrons emitted by the cobalt isotopes will rapidly annihilate with electrons within the dense tracer medium, producing a pair of 511 keV γ-rays whose trajectories are separated by 180±0.5°. If both γ-photons are detected by the positron camera used to image the system, the linear path followed can be reconstructed algorithmically. Thus, by finding the intersection of a number of such reconstructed paths, it is possible to triangulate the spatial position of the tracer. For an adequately active particle, a large number of triangulation events can be performed per second, allowing the motion of the tracer particle through the system to be recorded, in three dimensions, with sub-millimetre accuracy and temporal resolution of the order of milliseconds [69] . Due to the highly-penetrating γ-rays used, particles can be tracked even deep within the interior of large, dense systems. Such a capability yields a great advantage in the exploration of systems such as ours, where the inability to visualise internal dynamics and particle distributions has limited past studies [38, 72] .
Although PEPT tracks a single particle, for systems in a steady state the principle of ergodicity allows the extraction of data pertaining to the system as a whole through appropriate time-averages, as shown in detail in our reference [70] . Indeed, PEPT has been successfully used to determine steady-state density and temperature distributions [73] , velocity fields [74, 75] and segregation patterns [76] as well as numerous additional important, whole-field quantities in a diverse range of systems [77] [78] [79] . In order to obtain useful data from binary systems such as ours, it is simply necessary to repeat every experiment using a tracer of each species, combining the time-averaged data from each separate run [80] . Provided below is a brief explanation of the manner in which the quantities most pertinent to the current study may be calculated from PEPT data.
Residence fractions, particle distributions and segregation
The distribution of particles within our system can be determined from PEPT data as follows: firstly, the experimental volume is divided into a series of equally-sized three-dimensional 'cells'. The amount of time spent by our tracer in each of these cells can then be determined and divided by the total duration of the run, thus assigning each individual cell a fractional residence time, τ. For our steady-state system, the average fraction of time, τ, spent by our tracer in a given cell is equivalent to the average fraction of the system's particles which can be expected to occupy this cell at any given point in time. In other words, for any region of the system, τ is directly proportional to the local packing fraction, η. Knowing this, for a bidisperse system it is possible to determine f i , the relative fractional concentration of a given species 'i' in a given cell, from the simple relation
, where 'j' is the binary system's second particle species and τ j is the residence fraction of this species in the same cell. Hence, for adequately small cells, it is possible to reproduce the average particle distribution within the system as a whole, and thus to visualise the steady-state segregation patterns exhibited-see, as an example, figures 4, 5. Note that, in these images, data has been depth-averaged through the cartesian y-direction to produce a 2D plot in order to make the results more easily comprehensible. In order to allow the depth-averaged images used throughout this manuscript to be easily interpreted, a simple pictorial representation of the correspondence between the three-dimensional system explored and the two-dimensional 'projections' exhibited here may be seen in figure 3 . It is also possible to additionally average through the vertical (z) direction in order to produce one-dimensional concentration profiles, such as those shown in figure 12.
Using the partitioned particle concentration values described above, it is also possible to construct a single scalar value which can be used to easily quantify the extent of segregation exhibited by a system as a whole. In this Figure 3 . Visual representation (not to scale) of the correspondence between the two-dimensional depth-averaged 'projections' of the system provided throughout this manuscript and the three-dimensional system being imaged. In all cases, data are averaged through the horizontal y-direction as defined in this figure such that axial variations in the various fields presented may be clearly observed in the two-dimensional x-z plane.
paper we use I s , the segregation intensity [36, 81] , which is defined as:
Here, N c is the total number of cells within the system, f i n is the fractional concentration of species i in the n th cell and f i m the mean concentration of species i particles for the system as a whole. I s max is equal to the 0.5, the maximum of the term
for our current system, thus acting as a normalisation constant such that an I s value of 1 denotes a completely segregated state, while I s =0 corresponds to a perfectly mixed system.
Velocity Vector Fields
In order to calculate velocity vector fields, the system volume is again divided into a series of three-dimensional cells. For a given cell, the sum of the x-, y-and z-velocities corresponding to all data points whose position vectors fall within this cell's spatial domain are summed. Hence, an average velocity vector associated with each individual cell can be determined. While it is possible to obtain a two-dimensional velocity field simply by taking a 2D projection through the y-direction, as with the particle concentration fields decribed above, with the velocity fields we are primarily interested in the free-flowing upper layer of the granular bed as opposed to the lower, bulk region which simply undergoes solid-body rotation, with little or no axial motion. As such, we may exploit the fully-three-dimensional nature of PEPT data and instead average only over cells corresponding to the system's downward-flowing layer. A pair of velocity vector fields produced in this manner may be seen in figure 8 . Here, the orientation of the arrows shown indicates the direction of the net flow in a given region of the system, and the arrow length indicates the magnitude of the average flow velocity through this region.
Fluctuation energy distribution
The determination of the variation in fluctuation energy,Ẽ, throughout our system allows us to experimentally test the theory of Fan and Hill [52, 53] . Fan and Hill predict that, due to the squeeze-expulsion process detailed in section 1.1, a net migration of smaller particles to regions of lower fluctuation energy should be observed, with a corresponding net flux of larger particles toward higher-Ẽ regions. The fluctuation energy vector for a given region of a system is defined as:
where the index i denotes the velocity component for whichẼ is calculated,v i is the mean i-velocity for the chosen region and v i n is the i-velocity for the n th particle of the N total particles in this region. By once again partitioning our experimental volume into a series of equal-volume cells, it is possible to map the variation ofẼ within our system-see, for an example, figure 6. In the present work, we focus on the axial (x) component ofẼ, as it is the motion and resultant distribution of particles along this direction which forms the focus of our work. It is worth noting, however, that the distributions of the total fluctuation energy
z ) follow a highly similar pattern in all instances tested.
Results and discussion
Generalisation of CC Segregation
The results of Gonzalez et al [66] clearly show that strong axial segregation can be induced through the use of a single rotating drum split symmetrically in the axial direction into a region possessing a (convex) pentagonal internal cross-section and a region possessing a (concave) pentagramal geometry. However, the paper failed to address a critical issue: can the proposed segregation mechanism be generalised to all convex-concave pairings? Or is it limited, for instance, to pairings where both convex and concave members possess the same number of vertices? Or indeed does it only apply for the specific pentagon-pentagram pairing previously tested?
To address this issue, we tested various combinations of convex and concave drums, using all possible permutations 3 of the polygonal geometries shown in figure 2 . Figure 4 , shows the particle distributions observed for triangle-pentagram and hexagon-hexagram pairings. In each instance, the tendency of small particles to occupy concave regions and larger particles to dominate convex regions is clearly observable. In fact, the same holds true for all convex-concave pairings, although the strength of segregation varies considerably for different combinations, as will be discussed in detail in section 3.4.
It is additionally worth noting that the CC mechanism is found to persist in spite of considerable variations in the length and diameter of the drum used as compared to the original experiment, as well as for different particle sizes and materials, volume fractions, fill heights and rotation rates. Our systems are also found to obey the CC mechanism irrespective of the relative cross-sectional areas of the convex and concave regions, with larger particles migrating to convex regions for all systems explored, both for A convex >A concave and A convex <A concave .
In short, our data strongly suggest that CC segregation is indeed a robust and generalisable phenomenon, and not simply limited to a few special cases. This result is potentially of value to researchers or industrialists who may wish to exploit the mechanism in order to selectively separate materials, as it shows that the segregation process is not reliant on overly specific constraints regarding the choice of suitable geometries.
Inducing and directing axial segregation
Thus far, we have only discussed CC segregation in the simple, symmetric two-region geometry discussed above. However, our results strongly imply that the mechanism will apply for an arbitrary number of adjacent convex and concave regions, allowing the creation of an effectively limitless variety of segregation patterns. Examples may be seen in figure 5 , where the use of, respectively, three and six alternating convex and concave axial regions produces clear axial banding.
Our results clearly demonstrate that, at least for the relatively narrow axial segements discussed here, large and small particles will migrate, respectively, to the convex and concave regions of the system, irrespective of the total number of such regions and their particular placement. In other words, this observation allows us a predictive knowledge of the specific segregation pattern produced by a given system. This is in stark constrast to the 'normal' axial banding observed in axially homogeneous systems, where the large and small particle bands produced are known to be metastable [26] , with their widths and positions varying over time. The specific locations and sizes of the bands are also found to be irreproducible over identical repeated runs [82, 83] .
Axially banded granular assemblies are also known to undergo a process of coarsening [84] [85] [86] whereby, over relatively long periods, individual bands merge, resulting in a logarithmic decay of the number of bands within the system. Such coarsening is, however, seemingly absent from our systems. The coarsening effect is known to occur over time periods corresponding to the order of thousands of drum revolutions [85, 86] , yet the bands observed in our systems are invariably observed to remain stable over the 3000-6000 revolutions to which they are exposed. Indeed, we do not observe even the beginnings of the coarsening process (i.e. the widening or narrowing of individual bands [86] ). Additional tests in which the system is left to rotate continuously for a 24-hour period (36000 revolutions) similarly show no signs of coarsening.
The known positions and stability of the axial bands present in our system means that it is possible to design systems in such a manner that we can in essence 'choose' the segregation pattern to be produced. Clearly, such an ability to deliberately control the direction of segregation within a system may be useful in any practical application where the sorting of grains or particles is required.
Kinetic stress and segregation
As briefly noted in section 1.1, and discussed extensively in our references [52, 53, 65] , it has been suggested that the presence of shear rate gradients within a system may modify its segregation trends. These shear rate gradients manifest themselves as differences in the magnitudes of local velocity, and hence kinetic energy, fluctuations [87] exhibited by the system. It is found that, for dense systems, larger particles will segregate towards regions of greater fluctuating energy,Ẽ.
Using PEPT, it is possible to measure the average fluctuation energy at any point within our experimental volume, meaning that we are able to construct a two-dimensional 'heat map' of our system which-unlike with many conventional techniques-accounts for the motion of particles throughout the entire depth of the bed, as opposed to simply those near the extremeties of the system. Thus it is possible for us to directly compare the axial distribution of particles within our system to the variation inẼ, and hence assess, at least on a qualitative level, the validity of the above-described theory.
In order to determine the presence (or indeed absence) of kinetic-stress-driven segregation in our systems, we study a series of (convex-concave) pentagon-pentagram drums of varying total axial length, l, with, in
. Due to the non-uniform geometry of these systems, one would naturally expect flow to invariably be more turbulent in the concave regions of a system, resulting in an increased fluctuating kinetic energy in these areas relative to adjacent convex segments. This expectation is indeed vindicated by our results, as exemplified in figure 6 , which demonstrates the protoypicalẼ distribution for all convex-concave systems. Note that, in this figure, we consider specifically the x-component of the fluctuation velocity,Ẽ x , as this is the component which will most directly influence axial segregation. It is nonetheless worth mentioning thatẼ E , y z and hence the total fluctuation energy,Ẽ, all exhibit similar spatial distributions. From figure 6 we also see a particularly marked increase in the fluctuating kinetic energy at the interface between the convex and concave regions of the system and at the axial extremeties, where friction with the system's end-walls will produce shear, and hence induce a local increase inẼ [65, 88] . Superimposed on the 'heat map' of figure 6 are the axial particle distributions for the large (l) and small (s) components of the granular bed housed within the drum, as well as the total particle distribution. Note the localised peaks in the total particle concentration near the system's left-hand end wall, and at the interface between convex and concave regions of Figure 5 . Two-dimensional depth-averaged f l -distributions for three differing arrangements of convex and concave sections. In all images shown, dashed lines represent the axial positions of the interfaces between regions of differing geometry. Left: a system of total axial length 54 mm divided axially into three regions of equal width with the outer regions possessing a (convex) pentagonal internal geometry and the central region a (concave) pentagramal geometry. Centre: a 54 mm system divided into three equal-width regions in a concave-convex-concave arrangement of triangular and hexagramal geometries. Note that, unlike in figure 4 and indeed the other panels in the current figure, the concave region possesses a higher cross-sectional area than the convex regions, yet large particles continue to migrate towards the convex region, as expected from the CC mechanism. Right: a 54 mm system subdivided into six 9 mm segments in an alternating convex-concave arrangement of pentagonal and pentagramal sections starting at x=0 with a region possessing a convex internal geometry. Note that the degree of segregation observed in the 6-band case is somewhat reduced as the size of the individual axial segments becomes comparable to the l-particle diameter.
the drum. It is well known [89] that boundary effects can induce changes in the local angle of repose of a granular bed, and hence induce localised 'heaping'. It is interesting to observe the absence of such heaping for the system's right-hand wall, corresponding to the concave section of the drum. This is potentially due to the greater fluctuation in the velocties of particles in the concave geometry [66] preventing the formation of a heap. Although external to the aims of the current study, a more detailed analysis of the heaping phenomena within convex-concave systems is worthy of future research. Most important for the present study is the observation of a strong correlation between regions of highẼ and the local concentration of l particles and, conversely, a preponderance of s particles where the flow is most laminar.
The above results provide a significant measure of support for the theory of Fan and Hill [52, 53] . In particular, the existence of a region of larger particles near the system's wall draws a strong parallel with the observations of Fan and Hill for a simulated chute flow geometry [52] ; the segregation observed at the interface between concave and convex drum segments, meanwhile, is somewhat analogous to their observations of segregation in a split-bottom shear cell [58] .
While the above-described results provide support for the mechanism of Fan and Hill, they are in fact directly contradictory to the behaviours expected from the CC mechanism. In other words, it seems that, for relatively elongated systems-or, more accurately, systems in which each individual convex/concave segment is relatively elongated-kinetic-stress-induced segregation is decidedly dominant over the CC mechanism.
In the next section, we will discuss more precisely the range of system lengths for which each (if either) mechanism is dominant, and demonstrate how the competition between the two can be exploited in order to control the mixing and segregative behaviours of a system.
Interactions between competing mechanisms 3.4.1. Area modulation versus CC segregation
A final question to resolve regarding the validity of the relatively newly observed CC segregation mechanism is whether the segregation patterns observed can be simply explained by the area modulation mechanism proposed by Zik et al [50] -i.e. is the observed particle separation truly due to a change of the specific geometries, or simply due to the corresponding variation in the cross-sectional area of the different polygons tested?
Firstly, we note that evidence of the segregation mechanism of [50] is clearly present in our system; figure 7, for instance, shows that a system comprising exclusively cylindrical sections of differing diameter will produce segregation, as expected by Zik et al In the leftmost panel of this figure, which shows simply the total, depthaveraged packing density within the system, we can clearly see evidence of the differing repose angles for regions possessing smaller and larger cross-sectional areas. In the right-hand panel, meanwhile, we show the resultant steady-state segregation pattern.
Interestingly, this mechanism is not limited to purely cylindrical systems. For all tested convex-convex and concave-concave (as opposed to convex-concave) combinations, the (more mobile [90, 91] ) large particles were invariably observed to migrate towards regions possessing smaller cross-sectional areas and correspondingly Figure 6 . Two-dimensional plot showing the spatial distribution of the x-component of the fluctuation velocity,Ẽ x for a system of length L=126 mm, overlayed with one-dimensional, time-averaged particle distributions. Here, n represents the average number of particles of a given species in a given axial region and N the total number of particles of this species in the system as a whole. The solid black line corresponds to the distribution of large (l) particles, with the dashed gray line representing the small (s) species and the dotted white line the distribution of all particles within the system. The lower total particle concentration on the right-hand side of the figure is a consequence of the reduced cross-sectional area of the concave region of the system. The data shown correspond to a system of total lenth 126 mm divided into two equal-width convex (pentagonal) and concave (pentagramal) sections whose interface lies at the system's axial centre (x = 63 mm). The position of this interface is marked by a vertical, dashed black line.
lower angles of repose-a pleasing indicator of the generality of the findings of Zik et al which, to the best of the authors' knowledge, has not been previously demonstrated.
When convex-concave systems are considered, however, numerous counter-examples to the expectations of Zik et al [50] are observed, demonstrating unequivocably that the CC segregation is not simply due to differences in cross-section between dissimilar axial regions. In the images presented in figures 4 and 3, for instance, we see a distinct prevalence of large particles in drum segments with a larger cross-sectional area-the exact inverse of our expectations from the above discussion. This reversal in the sense of the observed segregation provides a direct demonstration that CC segregation, in these instances, is not only distinct from but also decidedly dominant over that due to differences in cross-sectional area. In actuality, the dominance of the CC mechanism over the area modulation mechanism posited in [50] is found to persist for all convex-concave systems explored.
The reasoning behind this result may perhaps be understood by analysing axial velocity fields such as those presented in figure 8 for mixed convex-concave geometries in which the convex regions also possesses larger cross-sectional areas than their concave counterparts. In these images, we can clearly observe the interplay between the two competing segregation mechanisms. Specifically, in the upper regions of the system (i.e. at the start of the free-flowing layer) where cross-sectional area-related differences in angle of repose are most pronounced, we see an initial net flow of l particles from the larger, convex sections to the smaller, concave sections, as expected from [50] . However, in the lower portion of the flowing region, we observe a reversal in the direction of axial transport as larger particles cascade into the unoccupied regions of the convex drum segmentsthe CC mechanism. Since it is at the bottom of the flowing layer that particles then become 'locked in position' as they enter solid-body motion, it stands to reason that the CC process plays the crucial rôle in determining the direction of axial segregation within the system.
While one might intuitively expect that an increased ratio,
, of the cross-sectional areas of the drum's convex and concave regions would result in greater competition between the two mechanisms and hence a reduced net segregation, in practice, the opposite seemingly holds true. Figure 9 shows the variation of the normalised segregation intensity, I s (as described in section 2.
2.1), with
A A convex concave . Figure 9 demonstrates that, as mentioned previously, the specific combination of convex and concave shapes used strongly influences the degree of segregation observed. This is a potentially important observation, as it demonstrates the the possibility that one may deliberately alter the degree to which a system segregates through a simple change in the drum geometry, leaving all other parameters-e.g. fill height, rotation rate, particle size and material-unaltered. Such an ability may be useful in industry, for instance, where a variation in these other Figure 7 . Left: time-averaged, two-dimensional packing density distribution for both small and large components of a bed with a geometry comprising two 18 mm width cylindrical segments of internal diameter 150 mm and one central cylindrical segment of equal width but with diameter 250 mm. Right: concentration distribution for the large particle component of the system described in (a). In each of the images shown, dashed lines represent the axial positions of the interfaces between regions of differing geometry.
parameters may be difficult and/or undesirable-a change in particle properties will require an alteration of the product being processed, while a change in filling fraction will likely affect efficiency.
The trend between I s and A A convex concave observed in figure 9 can potentially be explained as follows: CC segregation is driven by the increased peak velocity of particles in concave geometries as compared to those in convex geometries [66] . However, our results additionally show that the absolute flow velocity in a concave region is seemingly dependent on its convex partner-a pentagram-pentagon pairing exhibits faster flow than an equivalent pentagram-triangle pairing, for instance. In fact, although it is difficult to fully quantify due to the illdefined boundaries of the free flowing layer in a given system combined with our limited spatial resolution, our results show a positive correlation between the surface flow rate of a given concave drum segment and the crosssectional area of its convex counterpart. This makes physical sense-a smaller convex volume will possess less free space to accommodate an influx of (large) particles, thus more quickly restricting, and hence slowing, the surface flow. Since CC segregation is induced by the rapid flow of large particles into unoccupied regions of convex geometry, it seems logical that a faster flow (due to a larger convex area) will result in more pronounced segregation, and vice-versa.
The above hypothesis may also explain-at least in part-why, as demonstrated in figure 9 , a three-segment concave-convex-concave arrangement will display a markedly reduced degree of segregation compared to an Figure 8 . Two-dimensional, depth-averaged velocity vector fields corresponding to the free-flowing regions of the systems presented. Data is shown for a convex-concave-convex arrangement of triangular and pentagramal drum segments (left) and a concave-convexconcave arrangement of pentagonal and pentagramal sections (right). For both cases shown, A convex >A concave . In each image, the drum's inner segments are shown in yellow and outer segments in blue, emphasising the interfaces between differing regions, where the orientation of axial flow is most relevant. Data in this figure are only shown for the system's free flowing layer, meaning that data points are not included for the (solid-body) region near z=0. equivalent convex-concave-convex ordering: in the latter situation, particles in the single concave segment are provided with two adjacent convex sections into which they may cascade, facilitating a rapid flow. In the former, meanwhile, large particles from two concave regions are effectively channeled into a single convex region, resulting in a reduced avalanche speed in much the same manner as a lane closure will slow the flow of traffic on a busy highway.
To summarise the above discourse, for cases in which convex and concave drum segments possessing differing cross-sectional areas coexist in a single system, the geometry-based CC segregative mechanism will act in opposition to segregative processes arising due to differences in drum area. However, our results show the CC segregative mechanism remains emphatically dominant across the entire range of parameter space explored, strongly suggesting that segregation driven purely by differences in area will only be apparent in convex-convex or concave-concave systems.
CC segregation versus kinetic-stress-driven segregation
As noted in section 3.3, the relative strength of the CC mechanism [66] and the kinetic-stress-induced mechanism proposed by Fan and Hill [52, 53] in a convex-concave system is highly dependent on the length of the individual drum segments used. Specifically, in shorter systems the CC mechanism is seemingly dominant, while in longer systems the kinetic-stress-driven process is the the primary driving force behind segregation. This is likely due to the fact that the CC mechanism is only active at the interface between convex and concave segments, and hence exerts a strong but short-range effect, while Fan and Hill's kinetic stress mechanism is influential over a longer range. In other words, our results strongly imply the former to be a local effect, and the latter to apply globally.
Evidence to this effect may be seen by comparing figures 6 and 10; while the former, which is discussed at length in section 3.3, shows larger particles to primarily inhabit regions of higher fluctuation energy (as expected for kinetic-stress-driven segregation), in the latter there exists little or no correlation between the high-Ẽ regions and the areas of high l-particle concentration. Rather, we see a definite preponderance of l particles in the (less turbulent) convex region, as expected from CC segregation. Figure 11 provides a more direct demonstration of the influence of drum length-or, more accurately segment length (as a long drum split into many short segments will still obey CC segregation). For small segment lengths, L seg , segregation is seemingly driven by the CC mechanism, with a clear net migration of l particles to the system's convex regions (represented in figure 11 by a positive I s value) . For the longest systems tested, meanwhile, we see a distinct tendency for larger particles to occupy concave regions, i.e. those possessing higher fluctuation energies. Segregation in this direction is represented in figure 11 by a reversal in the sign of I s , with the magnitude of this value corresponding to the observed strength of segregation. Although quantitative PEPT data is only available for the pentagon-pentagram systems shown in figure 11 , visual observations confirm, on a qualitative level, that the observed reversal in the sense of segregation with increasing L seg occurs for all convexconcave pairings available.
Perhaps most notable from figure 11 is the marked drop in the degree of segregation for intermediate drum lengths, where the two opposing segregation mechanisms possess comparable strengths; specifically, we observe a more than three-fold reduction in the magnitude of I s as compared to the extremal cases. Figure 12 shows that by exploiting a system geometry such as ours to counterpose two distinct segregative processes, it is actually possible to achieve better mixing than is attained in a conventional, cylindrical system under otherwise identical conditions. Particularly noteworthy in figure 12 is the marked reduction in end-wall segregation-likely due to the introduction of CC segregation, which is not directly reliant on effects due to friction and/or shear. This is a pleasing result, as end-wall segregation is often observed even in systems which are otherwise non-segregative in the axial direction [92, 93] .
It should be noted that the construction of our system is such that the drum length, L, can only be varied in discrete 18 mm intervals if symmetry (i.e. L convex =L concave ) is to be maintained. With more sensitive adjustment, it may in fact be possible to cause the two mechanisms to entirely cancel and hence induce nearperfect mixing-a potential boon for industry [94] [95] [96] . Such an equilibration may also potentially be achieved by varying the specific internal geometries used so as to alter the relative change in fluctuation energy between the two halves of the drum, for instance. The example shown nonetheless displays an impressive increase in the observed degree of mixing, with I s =0.37±0.02 for the uniform cylinder compared to I s =0.16±0.01 for the convex-concave geometry. 
A summary of competing mechanisms
We conclude the current section by the summarising dominant segregation mechanisms expected for each of the various permutations of drum segment length and internal geometry explored here.
For systems comprising any arbitrary number of short drum segments with alternating convex-concave geometry, segregation will be driven by the CC mechanism, with stable bands of large particles forming in regions possessing convex internal geometries.
For similar systems possessing solely convex or solely concave geometries, the area-modulation mechanism of Zik et al [50] is dominant, causing larger particles to migrate to regions of lower cross-sectional area. The same mechanism seemingly holds also for systems of intermediate length, albeit with a reduced overall degree of segregation.
For relatively long, convex-concave systems, the system's segregative behaviours are seemingly determined by the kinetic-stress-driven mechanism of Fan and Hill [52, 53] , with large particles forced towards regions of high fluctuation energy. For convex-concave systems of intermediate length, meanwhile, competition with the CC mechanism [66] results in a considerably reduced net segregation.
Finally, for long, concave-concave or convex-convex systems, there exists no clear evidence of any of the three mechanisms discussed in this paper, aside from the presence of end-wall segregation due to the localised shear in the vicinity of the system's lateral boundaries. Rather, the system seemingly exhibits, in its central bulk, the randomly placed, metastable bands typically observed in long, purely cylindrical systems [26, 82, 83] . This observation is not overly surprising, as the segments are too long for the relatively localised mechanism of Zik et al to play a significant rôle, and-due to the absence of strong differences in shear and/or turbulence between neighbouring regions as is observed in convex-concave systems-not conducive to significant kinetic-stressdriven segregation. Although a detailed discussion of the behaviours observed for these systems is beyond the scope of the current work, it is certainly a matter worthy of future study.
For ease of reference, the information given above is presented in a more succinct form in table 1.
Conclusions
In this paper, we have investigated the presence of, and interactions between, three distinct mechanisms, each of which has been proposed as an explanation for the axial segregation of granular media in a horizontally rotating drum.
We have provided evidence of the existence of each of these mechanisms in the systems studied, including a generalisation of the theory of Zik et al [50] to systems possessing non-circular internal geometry, a generalisation of the 'CC mechanism' of Gonzalez et al [66] to arbitrary convex-concave geometries and, perhaps most importantly, a first experimental validation of the model of Fan and Hill [52, 53] in the rotatingdrum geometry.
The local, boundary-driven effects corresponding to the CC [66] and area modulation [50] mechanisms observed within this study are yet to be included in any existing continuum models of granular flow. The demonstration provided here of the significant influence of these effects on the flow dynamics of our systems therefore presents an open challenge to the theoretical community and, as such, provides significant scope for future research. Table showing , for each combination of internal geometry and individual segment length, the dominant segregation mechanism or mechanisms and the type or, where relevant, direction of the segregation produced. For instance, 'Large ' high-A' denotes a net migration of large particles to regions possessing greater cross-sectional areas. The segment length refers to the length of an individual convex or concave axial segment of the rotating drum system and, for generality, is normalised by d l , the diameter of the large (l-species) particles used in this study. The various segregation mechanisms (CC, kinetic stress, area modulation) are detailed in section 1.1. We have explored the complex interactions between the three mechanisms studied under a variety of geometric constraints, showing the ranges of validity for each mechanism, and establishing which, if any, of the three may be expected to dominate a system's behaviour for a given drum geometry.
Segment Length
Further, we have shown several novel manners in which the geometry of a system may be deliberately 'tuned' in order to exploit the individual mechanisms studied and indeed their competitive and cooperative interactions such that the segregative behaviours of a granular system may effectively be predicted and hence controlled. Most notably, we have demonstrated that by partitioning a system into a series of thin segments possessing differing internal geometries, we are able to produce predetermined, stable axial segregation patterns-i.e. it is possible to actively choose the regions of a system to which a particular particle species will migrate. Such an ability clearly has practical applications in industry. Moreover, if our findings here can be generalised to different flow geometries, the ability to re-direct granular flow may potentially be useful in other fields, e.g. redirecting the most destructive parts of avalanche-or debris-flows in order to protect populated areas [97] . We have also shown that it is possible to countervail the action of a given segregative process using another, opposing mechanism, allowing a significant increase in the degree of mixing exhibited by a binary system. The ability to achieve mixing in systems such as ours is highly desirable in many industrial processes, but also notoriously difficult to achieve using conventional techniques [2, 5, 27, 29, 98] .
Finally, and perhaps most importantly, our results as a whole clearly highlight the fact that the axial segregation of rotated granular systems cannot be explained by a single mechanism, as is often assumed both in past and contemporary studies. Rather, there seemingly exist multiple processes by which axial segregation may occur, with the active mechanism-or mechanisms-being dependent on the specific conditions to which a system is exposed. As such, the only way to fully understand axial segregation is to determine the regions of parameter space in which each individual mechanism is dominant, and how they interact when the dominance of any one particular process is not clearly established. Although the current work concerns only three of a currently undetermined number of relevant mechanisms and deals specifically with the effects of system geometry, it nonetheless represents an important first step towards the ultimate goal of developing a full, predictive knowledge of axial segregation.
